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The phase diagram of a three-flavor Polyakov-loop Nambu-Jona-Lasinio model is analyzed for
the case of isospin symmetric matter with color superconducting phases. The coexistence of chiral
symmetry breaking and two-flavor color superconductivity (2SC phase) and a thermodynamic insta-
bility due to the implementation of a color neutrality constraint is observed. It is suggested to use
a universal hadronization pressure to estimate the phase border between hadronic and quark-gluon
plasma phases. Trajectories of constant entropy per baryon are analyzed for conditions appropriate
for heavy-ion collisions in the NICA-FAIR energy range.
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I. INTRODUCTION
The phase diagram of quantum chromodynamics
(QCD) is in the center of attention of modern physics [1].
It is an object of intensive studies at already exist-
ing (LHC, RHIC, SPS, SIS) and planned (FAIR-CBM,
NICA-MPD) heavy-ion collision experiments [2]. In ad-
dition, the high density part of the QCD phase diagram
is of interest for astrophysics, in particular for scenarios
of supernova explosions [3, 4], neutron star (NS) merg-
ers [5–7], and NS structure [8–10]. For QCD motivated
hybrid star models that fulfil the 2M constraint [11–13]
on the maximum mass, see for instance [14–17] and ref-
erences therein. A set of constraints for the high-density
equation of state (EoS) from the phenomenology of com-
pact stars and heavy-ion collisions has been compiled in
[18] and applied also to the case of hybrid EoS in [19].
Of special interest are statements about the possible ex-
istence of a critical endpoint in the QCD phase diagram
[20, 21] that could eventually be supported by NS phe-
nomenology [22–25] or in black-hole formation [26].
From the theoretical standpoint the high temperature
region of phase diagram can be accessed by lattice simula-
tions [27, 28]. Unfortunately, at finite chemical potential
direct Monte-Carlo calculations of QCD on the lattice
run into the, yet to be solved, sign problem (see, e.g.,
Ref. [29] for an overview). In light of these difficulties ef-
fective models have been developed and applied in order
to extract information from laboratory experiments and
compact star astrophysics as well as to cast predictions
on the phase structure of QCD at high densities (see,
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e.g., Ref. [30] for an introduction). Most popular for
calculating the quark matter equation of state and for
the study of the QCD phase diagram became the class
of so-called chiral quark models built in analogy to the
Nambu–Jona-Lasinio (NJL) model [31]; for reviews see,
e.g., Refs. [32–36].
While being successful in capturing aspects of chiral
symmetry breaking and restoration as well as pion prop-
erties in hot, dense quark matter, the main shortcom-
ing of these models is the lack of a confinement mecha-
nism. A partial fix to this problem is provided by the
coupling of the chiral quark sector to the Polyakov-loop
with an appropriate temperature dependent effective po-
tential fitted to pure gauge lattice QCD thermodynamics
results at µ = 0 [37], which is then extended also to finite
chemical potentials, e.g., in Refs. [38, 39].
It has been shown [40] that the QCD Lagrangian
at asymptotically high chemical potentials exhibits the
Cooper instability [41], due to attractive quark-quark in-
teraction in the color anti-triplet channel. In the frame-
work of NJL-like models the question of the color su-
perconductivity (CS) resulting from the BCS mechanism
has been studied and a large variety of phases has been
proposed [42], including anisotropic phases leading to a
color superconducting crystalline phases, see [43, 44] for
recent reviews.
The analysis of the PNJL model phase diagram with
color superconductivity has been performed for the two-
flavor system in [45]. The aim of this paper is to extend
this study to three-flavor quark matter. The phase di-
agram of the NJL model, without the coupling to the
Polyakov loop variable, has been studied for a certain
parameter choice [47, 48] and the possibility of neutrino
trapping with its effect on the phase diagram has been
considered in [49, 50]. In any model for high-density mat-
ter, the 2M mass constraints for neutron stars has to
be taken into account (for details see [16]).
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2II. COLOR-SUPERCONDUCTING
POLYAKOV-NAMBU-JONA-LASINIO MODEL
In the present study we use a state-of-the-art PNJL
model including scalar, diquark and vector interac-
tion channels as well as the Polyakov-loop variable.
The Kobayashi-Maskawa-’t Hooft (KMT) determinant
interaction term has been considered in [51] in the
context of this model and the 2M constraint from
PSR J1614-2230 but will be suppressed for clarity of the
present study.
The Lagrangian of the model can be decomposed into
three parts
L = L0 + Lint + U(T,Φ) , (1)
with the free Dirac part
L0 = q¯(−iγµDµ + mˆ+ µˆ)q , (2)
where mˆ = diag(mu,md,ms) and µˆ = diag(µu, µd, µs).
The interaction part given as
Lint = GS
8∑
a=0
[
(q¯τaq)
2 + ηV (q¯iγ0q)
2
]
+ GSηD
∑
a,b=2,5,7
(q¯iγ5τaλbCq¯
T )(qTCiγ5τaλaq). (3)
The covariant derivative Dµ = ∂µ−iA¯µ includes minimal
coupling of quark fields to the background gluon field Gµa
which is assumed in the form
A¯µ = gδµ0G
µ
aλ
a/2. (4)
The traced Polyakov loop can be expressed as
Φ =
1
3
Tr exp(iβφ), (5)
where φ = iA¯0. In Polyakov gauge the matrix φ is
φ = φ3λ3 + φ8λ8, (6)
with two independent variables φ3 and φ8. The Polyakov-
loop potential is chosen in the logarithmic form
U(Φ, T )
T 4
= −1
2
a(T )Φ?Φ
+b(T ) ln
[
1− 6Φ?Φ + 4(Φ3 + Φ?3)
−3(Φ?Φ)2] , (7)
with coefficients a(T ) and b(T ) taken from [38]
a(T ) = a0 +a1
(
T0
T
)
+a2
(
T0
T
)2
, b(T ) = b3
(
T0
T
)3
,
where a0 = 3.51, a1 = −2.47, a2 = 15.2 and b3 = −1.75.
The parameters of the model are set in vacuum, by
fitting meson properties, in particular the pion mass,
pion decay constant and kaon mass. The NJL model
contains four parameters: the cutoff for the divergent
three-momentum integrals, the scalar coupling constant,
the current mass of light quarks (in principle those are
two parameters, but for simplicity we can choose to have
mu = md) and the current mass of strange quarks ms.
This leaves one parameter which is fitted with either
quark condensate in vacuum or to the constituent quark
mass. This leaves some freedom in setting the value of the
scalar coupling strength. In this work we will choose one
of parametrisations compatible with observables, to be
exact we chose parametrization with constituent quark
mass M(p = 0) = 367.5 MeV from Ref. [52], where the
value of the strange quark mass has been corrected [53].
The resulting parameter values are
Λ = 602.3
mu,d = 5.5
ms = 138.757
GS = 6.38427.
The Lagrangian can be used to obtain the mean-field
approximation to the grand canonical thermodynamical
potential
Ω (T, {µ}) = φ
2
u + φ
2
d + φ
2
s
8GS
− ω
2
u + ω
2
d + ω
2
s
8GV
+
∆2ud + ∆
2
us + ∆
2
ds
4GD
−
∫
d3p
(2pi)3
18∑
n=1
[
En + 2T ln
(
1 + e−En/T
)]
+ Ωlep − Ω0 + U(Φ, T ) . (8)
We are interested in the mean-field equilibrium value
of Ω. In order to reach that goal it is necessary to find
the extremum of Ω with respect to all order parameters.
This procedure results in a set of coupled gap equations
∂Ω
∂φf
=
∂Ω
∂∆ik
=
∂Ω
∂φ3
=
∂Ω
∂φ8
= 0 , (9)
that need to be solved self-consistently. Additionally
color-neutrality should be observed, which leads to addi-
tional equations for color chemical potentials µ3 and µ8,
see [34, 45]
∂Ω
∂µ3
=
∂Ω
∂µ8
= 0 . (10)
The set of values of the free parameters ηD and ηV has
been chosen to fulfil the PSR J1614-2230 and PSR J0348-
0432 mass constraint as ηD = 1.0 and ηV = 0.30 [16].
III. RESULTS FOR ISOSPIN SYMMETRIC
MATTER
In heavy-ion collisions matter is to a very good ap-
proximation in an isospin symmetric state. This implies
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FIG. 1: (Color online) Solutions of the gap equations for isospin symmetric quark matter as functions of the chemical potenial
µ for selected temperatures T = 1, 50, 100, 150 and 200 MeV. The behavior of the light quark mass gap φu = φd (upper left
panel) signals a first-order chiral transition at low and a crossover higher temperatures with a critical endpoint between T = 50
and 100 MeV. The mass gap for strange quarks φs is shown in the upper left panel and indicates a sequential chiral restoration
at higher chemical potentials than for light quarks. The color antitriplet pairing gap between up and down quarks (∆ud) is
shown in the lower left panel and the traced Polyakov loop Φ in the lower right panel.
the following relation for the chemical potentials of quark
flavors
µu = µd, µs ' 0. (11)
No electrons are present during the collision and the sys-
tem is not electrically neutral. For the purpose of this
paper we will restrict our discussion to this case. We
should note, however, that for astrophysical applications
more relevant is the state of matter in beta equilibrium.
We begin the discussion of the results with a close look
at the behavior of the mean field condensates and the
Polyakov loop variable. In Fig. 1 we present the mass
gaps, the ud-pairing gap and the Polyakov loop as a func-
tion of the chemical potential for selected temperatures.
For the mass gap of light quarks φu = φd (shown in
the upper left panel) we observe a standard behavior:
at small temperatures the chiral symmetry restoration is
a first order phase transition with an apparent jump in
the condensate. When the temperature is increasing the
transition tends to be more and more of a crossover type,
with gradual decrease in the condensate. The chemical
potential dependence of the strange quark mass gap φs
(shown in the upper right panel) is similar: with increas-
ing temperature, the first order transition changes to a
crossover. Only the magnitude of the gap and the chem-
ical potential where the transition takes place is larger
than in the light quark sector. The transitions occur se-
quentially with increasing baryon number density.
The pairing gap of up and down quarks ∆ud is shown
in the lower left panel of Fig. 1. For the temperature
T = 1 MeV (which is equivalent to the zero tempera-
ture case) the behavior is typical for the NJL model: the
ud pairing gap gets switched on with a jump at the same
critical chemical potential where the light quark mass gap
jumps down by one order of magnitude. Chiral symmetry
breaking and color superconductivity are anticorrelated.
Because of the still too big mass difference between light
and strange quarks, no pair condensation in the light-
strange mixed pairing channels occurs, ∆us = ∆ds = 0,
which characterizes the two-flavor color superconducting
(2SC) phase. At chemical potentials around 520 MeV a
second, smaller jump occurs which is connected to the
partial chiral restoration in the strange quark sector (see
the upper right panel) which entails the appearance of
the color-flavor locking (CFL) phase characterized by
three nonvanishing pairing gaps instead of one, ∆ud 6= 0,
∆us 6= 0, ∆ds 6= 0.
In the present model the Polyakov loop has been in-
4cluded as a way to account to some degree for the confine-
ment of quarks and gluons. We remind that the Polyakov
loop equal to zero signals confinement, while its approach
to one indicates deconfinement. In the lower right panel
its chemical potential dependence is shown. It is close to
zero for small temperatures and chemical potentials and
rises as a function of both.
An interesting phenomenon is observed when the tem-
perature is increased. The pairing gap develops non-
zero values even at chemical potentials well below the
(pseudo-)critical one for chiral restoration so that a phase
coexistence of chiral symmetry breaking and color super-
conductivity appears. It is in particular in this region
of the T − µ plane that negative pressure and negative
baryon density occur, signalling a thermodynamic in-
stability. We suspect that this is a consequence of the
procedure for establishing color neutrality of the sys-
tem, as defined by a vanishing of the color densities
n3 = nr − ng and n8 = (nr + ng − 2n8)/
√
3 which are
conjugate to the color chemical potentials µ3 = µr − µg
and µ8 = (µr + µg − 2µb)/
√
3, respectively (see chapter
6 of [34] for details). The shortcomings of this definition
of color neutrality in the presence of a 2SC diquark con-
densate have been discussed in [54], see also [55, 56] for
the NJL model. In the presence of a Polyakov-loop field
the situation with respect to color neutrality is further
obscured and requires particular attention, see [57] for a
special model realization.
It is clear that in a quark matter model which would re-
alize quark and gluon confinement in color singlet states
in the hadronic phase no problems with color neutrality
and thermodynamic stability shall occur in that region
since it would be covered by the dominance of hadronic
degrees of freedom.
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FIG. 2: (Color online) Phase diagram of symmetric matter
in the 3FCS PNJL model with lines of constant values for
the order parameters: vanishing 2SC (red) and CFL (black)
pairing gaps, Polyakov loop (orange), light quark mass (green)
and strange quark mass (blue) relative to their vacuum values.
The instability region (nB < 0) is shown as filled with brown
color.
The results of this work are summed up in Fig. 2. The
phase structure of the model (note that no phase transi-
tion to quark matter has been constructed here) consists
of a chirally broken phase, the previously mentioned re-
gion of instability with negative density and pressure,
chirally restored normal quark matter for high temper-
atures, the 2SC phase at moderate chemical potentials
and not too high temperatures (which in our case pen-
etrates also to the region where chiral symmetry is not
yet restored) and finally the CFL phase superconductor
at low temperatures and high chemical potentials.
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FIG. 3: (Color online) Phase diagram of the color supercon-
ducting three-flavor PNJL model with the hadronic phase
region defined by a universal hadronization pressure [58] of
90 MeV/fm3.
In Fig. 3 we extract a schematic phase diagram for low-
energy QCD from the results of the color superconduct-
ing three-flavour PNJL model and its order parameters
where we identify the region of the hadronic phase fol-
lowing the reasoning of Ref. [58] where the concept of a
universal hadronisation pressure has been introduced on
the basis of a statistical model parametrization of particle
abundances at chemical freeze-out.
For the discussion of potential applications of our re-
sults to heavy ion collisions we plotted lines of constant
entropy per baryon ranging from s/n = 1 up to s/n = 11.
This could be approximate trajectories of the evolution
of a fireball in HIC for the lower range of NICA and FAIR
energies, see Fig. 2 of Ref. [59]. In this figure we include
also the line of constant pressure equal to 82±8 MeV/fm3
(we take the upper limit of 90 MeV/fm3) to estimate the
phase border between the quark-gluon plasma phases and
the hadronic phases of strongly interacting matter.
We note here that the previously mentioned instability
region is covered in the phase diagram completely by
the hadronic phase, or at least is located where we
would expect the hadronic degrees of freedom to be
the relevant ones. This “coincidence” allows to use the
model in the thermodynamical parameters range where
it is relevant, despite the inherent instabilities in low
energy region. The three-flavor color superconducting
PNJL model with a phase transition to hadronic matter
5described by the DD2 model was obtained in [39] by a
Maxwell construction. Indeed the potential instability
region is covered there with the hadronic equation of
state.
IV. SUMMARY AND CONCLUSIONS
The phase diagram for the three-flavor PNJL model
with color superconductivity obtained here has three or-
der parameters that characterize the phase structure
1. chiral condensates (quark masses) - chiral symme-
try breaking in light and strange sectors;
2. diquark gaps (color superconductivity) - 2SC and
CFL phases;
3. Polyakov loop (confinement) - Z(3) symmetry
breaking.
There is a region of instability characterized by a negative
pressure that is obtained in the confining phase where
chiral symmetry is broken. We exclude this region by
defining a hadronic phase with non-negative pressure be-
low Pcrit ∼ 82± 8 MeV/fm3, the universal hadronization
pressure [58]. The light and strange quarks appear se-
quentially in the system. Lines of constant entropy per
baryon indicate paths for the dynamical evolution of a
fireball in a heavy-ion collision. We emphasize the acces-
sibility at NICA/FAIR energies of a ”quarkyonic mat-
ter” region with partial chiral symmetry restoration in-
side the hadronic world, as well as a quadruple point
(black square) [60] where the four phases meet.
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